Abstract: Using body fat as fuel, a bird migrates in a straight line away from a given location without stopping to feed en route. Assuming the bird can no longer stay aloft once it is down to a certain fraction λ of its departure weight, we determine the optimal migration speed and the dependence of the maximum flight range on the parameter λ. An estimation of the flight range is obtained through averaging over λ.
Introduction
Migratory birds can fly thousands of kilometers without stopping or feeding. In cases where such migration takes place over large bodies of water, there is for some species no possibility of stopping. Land birds migrating over large bodies of water are a case in point. The Golden Plover, for example, flies over-water a distance of 3900 km [4] in its migration from the Aleutian Islands to Hawaii without stopping. The Blackpoll Warbler flies nonstop from the coast of New England to Bermuda, a distance of 1300 km. It is believed that, from there, the Warbler continues an additional 1300 km without stopping or feeding on the way to its final destination in Central America [7] .
The power for long distance flight essentially comes from fat. How the flight muscles of birds can oxidize fat is well understood [3] . It can be argued [10] that fat, because of its high energy content per unit mass, is the only suitable fuel for long distance animal flight. Storing energy in the form of fat is 8 times as efficient mass-wise as storing energy in glycogen form. According to King and Farner [5] , George and Berger [3] , and Drummond [2] , some birds store up large amounts of fat in preparation for migration. All of that extra fat will be used up by the time the birds reach their destination. Fat content data from King and Farner [5] for various bird species both before and after long migration flights show that some birds store up to 50% of their body weight as fat. Right after migration, fat amounts to roughly 5% of total body weight.
In analyses of avian migration strategies, flight range equations are used to relate the distance that can be covered to the departure fuel load accumulated by a bird. Considerable progress has been achieved in the quest to understand the energetics of bird flight. Pennycuick [8] (p. 153) summarizes two broad approaches. The first, the aeronautical approach, attempts to pinpoint those parameters most important in modeling the process and come up with flight range equations for the predicted range or required power. Assumptions, morphological in nature, are made about wing span, wing loading, aspect ratios, body mass, flight speed, and other parameters. The analysis focuses on estimating the effects of drag and gravity on flight performance. The second, the physiological approach, involves measuring quantities like oxygen consumption, carbon dioxide production and nitrogen excretion to estimate the levels of fat, carbohydrate, and protein that have been oxidized. Power input is subsequently deduced using appropriate conversion factors .
Both approaches call for major simplifying assumptions and present strengths and weaknesses. However, the aeronautical approach has the advantage of being more general than the physiological one; it applies to birds across species and even to aircraft. Also, it relies on fewer variables. This is the approach we will adopt in this article, whose purpose is to find a way to incorporate weight loss during flight into a bird migration range model that assumes a functional relationship between fat/fuel load and maximum flight range. We assume that the bird will have to land once it is down to a fraction λ of its departure weight. We derive a formula giving the explicit dependence of the maximum distance covered by the bird on the parameter λ.
This exposition is organized as follows: In Section 2 we introduce a simple flight range model and compute the optimum flight speed. In Section 3, taking a statistical tack, we extend the basic model to one that uses integration over λ to account for mass depletion during flight. Then we analyze and compare the two models. The last section briefly summarizes our results.
Basic Model
On its migration, the bird selects an optimal velocity u, which is assumed to be constant [6] . This velocity u is selected to maximize the distance traveled. If the speed is too low, the bird spends all its migration time flapping its wing without covering much ground. If the speed is too high, it drives itself to exhaustion too quickly. Depending on weather conditions, the bird may be riding a following wind w. So it will end up being carried at a resultant velocity u + w over a distance d = (u + w)T, where T is the flight duration time. In preparation for its migration the bird spends time feeding in order to store extra fat to be used as energy E during its flight. It will need to land once that energy E has been spent. The power output rate, assumed constant throughout the process, will be E/T, only a fraction η of which is converted into mechanical energy. Part of the mechanical energy does work to overcome drag and propel the bird forward. This propulsive power output is the product of drag and velocity. The rest, the induced power, works against gravity to keep the bird aloft.
The aerodynamic drag, D, is proportional to the square of the speed and the area of the cross section the bird exposes to the wind, i.e., D = bSu 2 . The induced power, I, is proportional to the weight mg of the bird, where g is the acceleration of gravity. We thus have the equations
where the constant ν has the dimensions of velocity. Plugging the expression for T in the above equations, we obtain
This gives the distance traveled by a bird of mass m that has settled on a migration speed u.
When w = 0, the case with no tailwind, we differentiate J m with respect to u, set the derivative equal to 0, solve for u and determine the critical migration speed to be
For the sake of simplifying the calculus, we use this critical speed as a normalization constant to introduce the dimensionless flight speed u * = u u 0 and the dimensionless wind speed ε = w u 0
. Upon rewriting Equation (1) , with a slight abuse of notation, we arrive at
When w is no longer 0, we have ε nonzero, and the maximum migration distance is achieved if the bird chooses the only positive speed that satisfies the cubic equation
Given that the following wind has speed much smaller than u 0 , the optimal flight speed without a tailwind, we are in a regime where the dimensionless parameter ε is much less than 1. A solution of (2) has a perturbation expansion of the form
The corresponding maximum migration distance is roughly
This is the formula for migration range, assuming no weight loss during flight.
Mass Depletion Effects
From Formula (3) for the migration range, we observe that the lighter the bird, the greater the maximum distance. On a long migration, we expect the bird to lose weight in flight and land with a fraction, λm, of its departure mass. Here λ is less than 1. Indeed, according to Tucker [9] ( p.119 ), birds reserve an average of 25% of their body fat as fuel for long migration flights. At the higher end, Alexander [1] ( p.447) estimates λ to be approximately 5/8 for the Yellow Wagtail's migration across the Sahara desert. But how do we incorporate mass depletion into this model? Complementing our aeronautical approach with a statistical one helps us explore the question in a roundabout way. The mass depletion rate obviously depends on the selected flight speed and other factors, but it is difficult to determine the correct functional relationship. However, it is clear that a bird that takes off with mass m and lands with mass λm will have traveled a distance greater than J m (u) but less than J λm (u) . This suggests that the distance sought can be approximated by some sort of an average that falls between J m (u) and J λm (u) . We will use the migration range formula we obtained above to derive a modified formula for migration range with in-flight weight loss. Such a formula will of course reduce to the old one in the limit λ = 1.
Say we want to determine the flight range for a bird that takes off with mass 100 kg and lands with 60 kg. This distance is reasonably approximated by the average of the distances in Formula (3) traveled by birds of a similar morphology taking off and landing with 100 kg, 90 lkg, 80 kg, 70 kg, 60 kg, respectively. In general, to estimate the distance traveled by a migrating bird departing with mass m and landing with mass λm, 0 < λ < 1, we average J rm (u) with respect to r over the interval (λ, 1) to obtain
The averaged distance J λm (u) turns out to be just J m (u) times a correction factor, 3
. A welcome coincidence is that the speed that maximizes the distance J m (u) also maximizes J λm (u); the two functions of u share the same critical points. This way, the new formula builds nicely upon the original one. In the λ = 1 limit, we recover J m (u) . The averaged distance J λm (u) tends to J m (u) as λ approaches 1 from the left, since by L'Hôpital's rule,
At the other extreme, in the λ = 0 limit, J λm (u) tends to 3J m (u) , because
Thus, theoretically at least, mass depletion allows the bird to fly up to 3 times the distance predicted by the no-weight-loss model. The factor 3, of course, assumes that the bird lands with 0 mass. As we mentioned previously, some birds lose close to 50% of their weight in flight. For λ in that range, the difference in the distances predicted by the two models becomes significant. For example, when λ = 5/8, which is the case for the Yellow Wagtail in [1] ,
Jm(u) is close to 1.16, indicating that shedding mass allows the bird to fly 16% farther. Notice the steep drop in the graph. The ratio
Jm(u) decreases from 3 to 1.5 as λ goes from 0 to 0.2. For the bird to fly twice the distance predicted by the simpler model, it would have to land with about one tenth of its departure mass, which would be quite a feat of endurance. At the other extreme, the gains are more modest for birds that land with above 85% of their departure weight, typical λ values for most birds in the ecology literature . The improvement in distance covered is less than 5% in such cases, an indication as to why the simpler model still does a pretty good job at predicting migration range. As λ decreases from 1, J λm (u) diverges slowly enough from J m (u) for mass depletion not to have any drastic effects on migration range calculation results.
Conclusion
Combining an aerodynamical approach with a statistical approach, we have extended a simple model predicting a bird's migration flight range. Averaging over a weight loss parameter allows weight loss during the migration flight to be taken into account. This layered treatment of the problem has the advantage that the function we derived for flight range with weight loss differs from that obtained from the simpler model only by a correction factor that is a decreasing function of λ, with λm representing the bird's journey-ending mass. The two functions have the same critical points with respect to the flight speed, thus making it easy to compute the optimum flight speed and maximum flight range for the extended model.
